This paper shows how to price American interest rate options under the exponential jumps-extended Vasicek model. We modify the Gaussian jump-diffusion tree of Amin [1993] and apply to the exponential jumps-based short rate process under the Vasicek-EJ model. The tree is truncated at both ends to allow fast computation of option prices. We also consider the time-inhomogeneous version of this model, denoted as the Vasicek-EJ++ model that allows exact calibration to the initially observable bond prices. Our simulations show fast convergence of European option prices obtained using the jump-diffusion tree, to those obtained using the Fourier inversion method and the cumulant expansion method. 
INTRODUCTION
, Das [1998 Das [ , 2002 , Das and Foresi [1996] , Johannes [2004] , and Piazzesi [1998 Piazzesi [ , 2005 find that jumps caused by market crashes, interventions by the Federal Reserve, economic surprises, shocks in the foreign exchange markets, and other rare events, play a significant role in explaining the dynamics of interest rate changes. Das [2002] finds that a mix of ARCH processes with jumps explains the behavior of short rate changes well. The ARCH features are required to capture the high persistence in short rate volatility, and jump features are required to explain the sudden large movements that lead to leptokurtosis. Das finds jumps to be more pronounced during the two-day meeting dates of the Federal Open Market Committee, and curiously also on many Wednesdays due to the option expiry effects on that day. In a recent paper, Jarrow, Li, and Zhao [2007] find that a stochastic volatility extension of the LIBOR market model can be modeled to generate a symmetric shaped smile in the Black-implied volatility of caps. However, the asymmetric hockey-shaped smile observed in the caps data can be generated only by using downward jumps under the risk-neutral measure.
Jump models assume that the size of the jump is a random variable with some probability distribution, which is independent of the length of the time interval over which the jump occurs. The probability of jump is assumed to be directly proportional to the length of the time interval. Though computational methods exist for pricing of European interest rate options under jump models, few numerical methods for pricing American interest rate options -such as options embedded in callable and convertible bonds, mortgage prepayment options, American swaptions, etc. -exist in the fixed income literature. In our earlier work (see Nawalkha, Beliaeva, and Soto (NBS) [2007]) we show how to price American interest rate options using the exponential jumpsextended Vasicek model of Chacko and Das [2002] , denoted as the Vasicek-EJ model.
The advantage of the Vasicek-EJ model is that it allows separate distributions for the upward jumps and downward jumps. This can significantly reduce the probability of negative interest rates by allowing more flexibility in estimating parameters for different interest rate regimes. For example, when interest rates are at their lows at the bottom of a business cycle, the downward jumps may have a lower size and a lower frequency of occurrence, than upward jumps.
To price American interest rate options under the Vasicek-EJ model, we construct a jump-diffusion tree by extending the work of Amin [1993] . The jumpdiffusion tree allows an arbitrarily large number of nodes at each step to capture the jump component, while two local nodes are used to capture the diffusion component.
We also demonstrate how to calibrate the jump-diffusion tree to fit an initial yield curve or the initially observable zero-coupon bond prices, by allowing a time-dependent drift for the short rate process. In this paper, we build on the earlier results presented in NBS [2007] , and show how to price options on coupon bonds (or swaptions) under the Vasicek-EJ model. We first extend the cumulant-expansion method of Collin-Dufresne and Goldstein [2002] to price European options on coupon bonds under the Vasicek-EJ model. Next, we demonstrate the application of the jump-diffusion tree to price American options on coupon bonds (or American swaptions) under this model.
Our simulations show fast convergence of European option prices obtained using the jump-diffusion tree, to those obtained using the Fourier inversion method (for options on zero-coupon bonds, or caplets), and the cumulant expansion method (for options on coupon bonds, or swaptions).
We also consider the single-plus and double-plus extensions of these models given as the Vasicek-EJ+ and Vasicek-EJ++ models, based upon the new taxonomy of term structure models given by NBS.
1 As shown by NBS, the Vasicek-EJ+ model allows independence from the market price of diffusion risk (representing the one plus),
and Vasicek-EJ++ model allows independence from market price of diffusion risk, as well as calibration to the initial zero-coupon bond prices (representing the two plusses).
Independence of these models from the market price of diffusion risk makes these models partially preference-free. These models still require the market prices of jump risk, which cannot be eliminated using the single-plus and double-plus extensions.
THE VASICEK-EJ MODEL
Consider the short rate process given by Vasicek [1977] with an added Poissonjump component given as follows:
where α, m, and σ, define the speed of mean reversion, long-term mean, and the diffusion volatility, respectively. The variable Z(t) is the Wiener process distributed 1 See NBS [2007, chapter 3, pp. 106-112] independently of N(λ). The variable N(λ) represents a Poisson process with an intensity λ. The variable λ gives the mean number of jumps per unit of time. The variable J denotes the size of the jump and is assumed to be distributed independently of both Z (t) and N(λ). The choice of jump distribution has a significant effect on the pricing of bonds. For example, the jump size can follow a Gaussian, or a lognormal, or an exponential distribution. This paper considers jumps that follow exponential distributions. The short rate process under the Vasicek-EJ model is given as follows:
where α, m, and σ, are the speed of mean reversion, long-term mean, and the diffusion 
The advantage of this model is that it allows separate distributions for the upward jumps and downward jumps. This can significantly reduce the probability of negative interest rates caused by downward jumps by allowing more flexibility in choosing the parameters under different interest rate regimes. For example, when interest rates are low at the bottom of a business cycle, the downward jumps in interest rates can be chosen to be lower both in magnitude and the frequency of occurrence, than the upward jumps.
Using the stochastic discount factor, the risk-neutral process for the short rate is given as follows:
where:
2 The derivation is similar to Das and Foresi [1996] , and can be obtained from the authors. 
(1 )
where γ 0 and γ 1 give the more general forms of market prices of diffusion risk as in Duffee [2002] , and γ uJ and γ dJ given the market prices of upward jumps and downward jumps, respectively.
Let the short rate be given as follows:
where, the state variable Y(t) follows the following risk-neutral process:
Using Ito's lemma, it is easy to confirm that the short rate process given in equation (4) is consistent with the state variable process given in the above equation.
Expressing the bond price as a function of Y(t) and t, using Ito's lemma, and taking risk-neutral expectation of the bond price, the partial differential difference equation (PDDE) for the bond price can be given as follows:
subject to the boundary condition P(T,T) = 1.
Bond Price Solution
The bond price solution for Vasicek-EJ model is given as follows:
where τ = T -t and, 
and,
The above solution is identical to that given by Chacko and Das [2002] , though expressed in a slightly different form. As shown later, expressing the solution in this form allows it to be extended to fit the initial bond prices by simply changing the
definition of the term H(t,T).

Jump Diffusion Tree
This section explains how to build a jump-diffusion tree for the Vasicek-EJ model for pricing American options. The following approximation based on Amin
[2003] is used to model the short rate tree with exponential jumps: ( ( )) ( ), with probability 1-, , with probability , ( ) , with probability , It can be shown that equation (13) deviates from equation (4) only in the order o(dt), and hence the two equations converge in the limit as dt goes to zero. To approximate the jump-diffusion process in equation (13), we use a single n-step recombining tree with M branches, where M is always an odd number. This tree is displayed in Figure 1 . Given the initial value of the short rate is r(0), the short rate can either undergo a local change due to the diffusion component shown through two local branches (represented by the segmented lines), or experience a jump shown through M -2 remaining branches, including the central branch, where the firm value does not change (represented by the solid lines).
To keep the analysis general, we consider an arbitrary node r(t), at time t = iΔt, for i = 0,1,2,…,n-1, where length of time T is divided into n equal intervals of Δt. At time (i+1)Δt, the M different values for the interest rate are given as follows:
We specify M probabilities associated with the M nodes. The short rate can either undergo a local change with probability 1 λ λ
, or experience an up-jump with probability λ u dt , or experience a down-jump with probability λ d dt .
The two local probabilities are computed as follows:
The upward jump nodes and downward jump nodes are approximated separately with two exponential curves (see Figure 2) . Approximation of the jump distribution using two exponential curves.
The total risk-neutral probability of upward jumps is λ u Δt and the total riskneutral probability of downward jumps is λ d Δt. The upward jump probability and the downward jump probability are allocated to two separate exponential distributions, one drawn from zero to infinity above the center point, and the other drawn from zero to negative infinity below the center point in Figure 2 . The entire line from negative infinity to positive infinity in Figure 2 consists of M points, and M non-overlapping intervals that cover both the exponential distributions for upward and downward jumps.
The probability mass over each of these M intervals is assigned to the point in between of each of these intervals using the following three steps.
Step 1.
The first step computes the probabilities of all jump nodes except the central node, the top node, and the bottom node, as follows. The probability mass for the intervals corresponding to the upward jump nodes is assigned to the points at the center of these intervals as follows:
where, F u (x) is the cumulative exponential distribution for upward jumps defined as follows:
The expression F u (x 1 ) -F u (x 2 ) gives the difference between two cumulative exponential distribution functions, and hence it gives the probability measured by the area under the exponential curve over one of the regions corresponding to the upward jumps in Figure 2 . Multiplication of this probability with the total risk-neutral jump probability of upward jumps λ u Δt, gives the probability of the short rate node at the point between of x 1 and x 2 as shown in equation (15) Similarly, the probability mass for the intervals corresponding to the downward jump nodes is assigned to the points at the center of the following intervals as follows:
where, F d (x) is the cumulative exponential distribution for downward jumps defined as follows:
where,
Step 2.
Since we only consider the nodes in the range,
in Figure 2 , the probability mass outside this region should be assigned to the end nodes. The probability mass assigned to the top node corresponding to the upward jump is given as,
Similarly, the probability mass assigned to the bottom node corresponding to the downward jump is given as,
Step 3.
The remaining probabilities from both exponential distributions for upward jumps and downward jumps are allocated to the central node as follows:
Equation (14) defines the probabilities at two nodes that give the local change due to the diffusion process, and equations (15), (17), (19), (20), and (21) define the probabilities at the remaining M -2 nodes that give the change due to the two exponential jumps. Together, all of these probabilities sum up to one.
The number of nodes in a jump-diffusion tree is of the order O(N 2 M). To increase the efficiency we implement the following truncation methodology. The tree is truncated from above and below at (M-1)/2. This idea is illustrated in Figure 3 . When M is large, the probability of reaching the top nodes is effectively zero. Therefore, the whole top part of the tree can be truncated without loss of accuracy. The probability mass above the truncation line is assigned to the node that lies on the truncation line.
Because of truncation the number of nodes in a tree is reduced to O(N×M). The Vaseick-EJ+ model can be further extended to fit the initially observable bond prices at time zero. Under the extended model, denoted as the Vaseick-EJ++ model, the short rate process follows a time-inhomogeneous process, given as a sum of a deterministic term and a state variable, as follows:
where δ(t) is the deterministic term used for calibration to the initial bond prices, and the risk-neutral stochastic process for the state variable Y(t) is given as follows:
Expressing the bond price as a function of Y(t) and t, using Ito's lemma, and taking riskneutral expectation of the bond price, the PDDE for the bond price can be given as follows:
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The solution to the above PDDE is given as follows:
( , )
Note that the solutions of the bond price under the Vasicek-EJ model (see equation (9)) and the Vasicek-EJ++ model (see equation (25)) are identical except for the H(t,T) term, which becomes time-inhomogeneous under the latter model. To solve
δ(t) and H(t,T), under the Vasicek-EJ++ model, consider the initially observable zerocoupon bond price function given as P(0,T). By fitting this price exactly to the Vasicek-
EJ++ model, the log of bond price evaluated at time zero is given as follows:
where by definition, Y(0) = 0. Differentiating the above equation with respect to T, we get,
where f(0,T) = -∂lnP(0,T)/∂T, is the initial forward rate curve at time zero. Substituting the partial derivative of A(T), and then replacing T with t, we get,
Using equations (26) and (29), the function H(t,T) can be expressed as follows: 
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Since P(0,t) and P(0,T) are the initially observed bond prices, the above equation, together with equations (27) and (28) gives the full closed-form solution of the bond price in equation (25).
Jump Diffusion Tree
A slight modification of the jump diffusion tree derived for the Vasicek-EJ model immediately gives the jump diffusion tree for the Vasicek-EJ++ model. Consider the short rate process and the state variable process given in equations (4) and (23), respectively, given as follows:
0
The processes in the above two equations have identical forms except that the
risk-neutral long-term mean m equals 0 for the Y(t) process, and the starting value for the Y(t) process is given as Y(0) = 0. Hence the jump diffusion tree for the Y(t) process
can be built exactly as it was built for the short rate under the Vasicek-EJ model, by equating m to 0, and using the starting value Y(0) = 0. Once the jump diffusion tree for Y(t) process has been built, the jump diffusion tree for the short rate r(t) can be obtained by adding the deterministic term δ(t) to Y(t) at each node of the tree. The term δ(t) can be solved using two different methods. Using the first method, δ(t) is solved analytically using equation (31). However, this solution is valid only in the continuoustime limit, and so it allows an exact match with the initial zero-coupon bond prices only when using a large number of steps in the tree. If an exact match is desired for an arbitrary small number of steps, then δ(t) can be obtained numerically for 0 ≤ t < T, by defining a pseudo bond price P * (0,t), as follows:
where P(0,t) is the initially observed bond price, P * (0,t) is the pseudo bond price obtained by taking discounted risk-neutral expectation using Y-process as the pseudo short rate. The jump diffusion tree for Y-process can be used to obtain P * (0,t) for different values of t (such that 0 ≤ t < T). Given the values of P(0,t) and P * (0,t) for different values of t, δ(t) can be obtained numerically, as follows:
where Δt = T/n, and the integral in H(0,t) is approximated as a discrete sum, by dividing t into t/Δt number of steps. The values of δ(jΔt), for j = 0, 1,2,…n-1, can be obtained iteratively, by using successive values of t as Δt, 2Δt,…, and nΔt, such that an exact match is obtained with the initial bond price function P(0,T). The values of δ(t) can be then added to the appropriate nodes on the n-step Y(t)-tree to obtain the corresponding tree for the short rate.
VALUING OPTIONS Valuing European Options on Zero-Coupon Bonds or Caplets: The Fourier Inversion Method
Heston [1993] Vasicek-EJ++ models. Since an interest rate caplet is equivalent to a European put option on a zero-coupon, and since an interest rate cap is a portfolio of caplets, this method can be also used to price caps.
Recall that we expressed the bond price solution in a slightly non-traditional form as follows:
where A(τ) and B(τ) are time-homogenous functions of τ = T -t. The motivation for using this form is that it allows a common framework for obtaining the formulas for the bond price under the Vasicek-EJ and Vasicek-EJ++ models, since the solutions of A (τ) and B(τ) are identical under both models, and the only difference results from the H(t,T)
term. In this section we derive formulas for pricing options under the Vasicek-EJ and
Vasicek-EJ++ models, and show that differences in the formulas between these models result only from the H(t,T) term.
The price of a call option expiring on date S, written on a $1 face-value zerocoupon bond maturing at time T, can be computed as follows:
The terms Π 1t and Π 2t can be interpreted as risk-neutral probabilities. Re(.) function denotes the real part of the expression contained in the brackets. The expression inside the bracket of Re(.) contains complex numbers. All complex numbers can be written as a + bi, where i is the imaginary number.
The characteristic functions g 1t (w) and g 2t (w) are given in closed-form as follows:
6 5 See Chacko and Das [2002] . 6 The proof can be obtained from the authors upon request.
where H(t,S) and H(S,T) are defined by equation (10) 
where U = T -S and A(.) and B(.) defined in equations (11) and (12), respectively.
The solutions of the probabilities Π 1t and Π 2t can also be used to price a European put option by applying the put-call parity relation, as follows:
Note that the H(.) terms in equations (41) and (42), under the Vasicek-EJ++ model are given in closed-form in equation (32). Hence, the above method has an analytical advantage over the calibration method suggested by Chacko and Das [2002] , under which the time-dependent long-term mean is determined numerically using an iterative method for pricing options.
Valuing European Options on Coupon Bonds or European Swaptions: The Cumulant Expansion Method
Collin-Dufresne and Goldstein (CDS) As shown by CDG, the price of a European call option with expiration date S and exercise price K, written on a coupon bond with cash flows CF i at time 2..,,n) , is given as follows:
where ( ) ( )
CF P S T is the price of the coupon bond at the option expiration date, and
is defined as the probability of the option being in the money under the forward probability measure associated with maturity W.
8
The method consists on approximating n + 1 forward probabilities
P S K associated with maturity W, for W = S, T 1 , T 2 ,..., T n , using a cumulant expansion of the characteristic function associated with the random variable P c (S).
Using the cumulant expansion, CDG show that the forward probabilities can be approximated as follows:
where Q can be chosen for the desired level of accuracy. CDG propose a value of Q = 7
for most affine models. The appendix gives the solutions of the coefficients κ j Q and λ j for Q=7, as functions of the seven cumulants c 1 , c 2 , c 3 ,… c 7 associated with the distribution of P c (S). Using the mathematical relationship between the cumulants and the moments of any distribution, the seven cumulants can be obtained using the first 
The solutions of the coefficients κ j Q and λ j (given in the appendix), and the moments and cumulants given in equation (50) are independent of the forward measure being used. The forward-measure specific coefficients κ j Q,W and λ j W in equation (49) can be obtained by simply replacing the seven moments μ 1 , μ 2 , μ 3 ,… μ 7, in equation (50) with
, defined as follows:
( ) , for 1, 2,..,
where the expectation is taken under the forward measure associated with the maturity
W.
NBS provide a general solution for moments in equation (51), which uses solutions of the ordinary differential equations (ODEs) associated with the characteristic functions, already obtained for valuing options on zero-coupon bonds or caps using the Fourier-inversion method. Applying this method, the general solution for the moments under the jump-extended Vasicek models is given as follows:
( , ) 
Valuing American Options
The Fourier inversion method and the cumulant expansion method given in the previous two subsections give prices for the European options on zero-coupon bonds (or caplets) and European options on coupon bonds (or European swaptions), respectively.
For pricing American option, we use the truncated-tree approach introduced earlier for the Vasicek-EJ and Vasicek-EJ++ models. To compute American option prices, the value of the interest rate and the probability vector are computed at each node, according to equations (14) Table 1 shows fast convergence between European put values computed using the truncated tree procedure and using Fourier inversion method. The accuracy goes down as bond maturity increases but it improves with an increase in the number of steps, N, used in the tree. Table 2 -about here   Table 2 compares the prices for European swaptions obtained using the cumulant expansion method with Q=7 and the truncated tree approach with N=200 and M=151, and with M=1000 and M=400. The parameter values are kept as in Table 1 .
The swap length varies from one to five years, and the option expiration ranges from one month to three years. The swap strike rates are 2%, 6% and 10%. The tenor of the fixed leg is 0.5 years, and the notional principal is assumed to be $100.
The table shows the accuracy gains in the tree values when the number of steps increases, and also, in most of the cases a convergence of the tree values to those obtained from the cumulant expansion approach. Also, the differences between the prices obtained using the truncated tree and the cumulant expansion approach are in line with the differences found between the tree approach and the Fourier expansion method in Table 1 . 
